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Mechanism of spin-triplet superconductivity in Sr2RuO4
Masatoshi Sato and Mahito Kohmoto
Institute for Solid State Physics, University of Tokyo, 7-22-1 Roppongi, Minato-ku, Tokyo, Japan
The unique Fermi surfaces and their nesting properties of Sr2RuO4 are considered. The existence
of unconventional superconductivity is shown microscopically, for the first time, from the magnetic
interactions (due to nesting) and the phonon-mediated interactions. The odd-parity superconduc-
tivity is favored in the α and β sheets of the Fermi surface, and the various superconductivities are
possible in the γ sheet. There are a number of possible odd-parity gaps, which include the gaps
with nodes, the breaking of time-reversal symmetry and ~d ‖ zˆ.
74.20.-z, 74.20.Fg
The nature of superconductivity discovered in
Sr2RuO4 [1] has been the subject of intense theoreti-
cal and experimental activity. Although Sr2RuO4 has
the same layered perovskite structure as La2CuO4, the
prototype of the high Tc cuprates superconductors, the
electronic structures are very different and the nature of
superconductivity seems to be totally different.
The normal state in Sr2RuO4 is characterized as es-
sentially a Fermi liquid below 50K. The resistivities in
all directions show T 2 behavior for T ≤ 50K. The effec-
tive mass is about 3 ∼ 4melectron and the susceptibility is
also about 3 ∼ 4χ0 where χ0 is the Pauli spin susceptibil-
ity. In contrast to the conventional normal state (below
50K), there are considerable experimental evidences that
the superconducting state (below about 1.5K) is uncon-
ventional. The nuclear quadrupole resonance(NQR) does
not show the Hebel-Slichter peak [2]. The transition tem-
perature is very sensitive to non-magnetic impurities [3].
The 17O NMR Knight shift shows that the spin suscep-
tibility has no change across Tc but stays just the same
as in the normal state for the magnetic field parallel to
the Sr2RuO4 plane [4]. In addition, spontaneous appear-
ance of an internal magnetic field below the transition
temperature is reported by muon spin rotation measure-
ments (µSR) [5].
Shortly after the discovery of the superconductivity
in Sr2RuO4, it was proposed that the odd-parity(spin
-triplet) Cooper pairs are formed in the superconduct-
ing state in analogy with 3He [6]. The existence of fer-
romagnetic interaction is crucial in this proposal. In
stead, incommensurate antiferromagnetic(AF) fluctua-
tions were found by inelastic neutron scattering exper-
iment [7]. Ferromagnetic interaction is almost negligible
compared with AF one.
Earlier specific heat [8] and NQR measurements [2]
show a large residual density of states (DOS), 50 ∼ 60%
of DOS of the normal state, in the superconducting
phase. A possible explanation, so called, orbital depen-
dent superconductivity was proposed [9]. Since four 4d
electrons in Ru4+ partially fill the t2g band, the relevant
orbitals are dxy, dxz and dyz which determine the elec-
tronic bands. The gap of of one class of bands is substan-
tially smaller than that of the other class of band. The
presence of gapless excitations for temperatures greater
than the smaller gap would account for the residual
DOS. Recent specific measurements on high quality com-
pounds, however, suggest the absence of residual DOS
[10].
Sigrist et al. [11] proposed the following order param-
eter which is claimed to be compatible with most of the
present experimental data,
~d = zˆ(kx ± iky), (1)
where zˆ is parallel to the cˆ axis and the gap is described
as the tensor represented by ~d as ∆(k) = i(~d(k) · ~σ)σy ,
where ~σ is the Pauli matrix [12]. Notice that the direc-
tion of the order parameter is frozen along the cˆ direc-
tion due to the crystal field and there is a full gap on
the whole Fermi surface. The experiment of Josephson
coupling between In and Sr2RuO4 also supports the gap
directing cˆ axis [13]. Based on the gap (1), the effects of
impurity scattering [14], spin wave excitations [15] and
collective modes and sound propagation [16] are studied
theoretically.
However, the recent experiments on high quality com-
pounds of Ru NQR [17] and specific heat [10] strongly
suggest the existence of nodes and the absence of residual
DOS. It is proposed a number of gap order parameters
consistent with the existence of nodes phenomenologi-
cally [18]. See also Ref. [19].
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FIG. 1. The Fermi surfaces of Sr2RuO4
Details of the Fermi surface have been observed by
quantum oscillations [20]. The Fermi surface consists of
three sheets, which is consistent with the electronic band
calculations [21]. The Fermi sheets are labeled by α, β,
1
and γ. See Fig. 1. While the γ sheet of the Fermi sur-
face can be attributed solely to dxy Wannier function, the
α and β sheets are due to the hybridization of the dxz
and dyz Wannier functions. The γ band is quasi-isotropic
two-dimensional, on the other hand the α and β sheets
are quasi-one dimensional which can be visualized as a set
of parallel planes separated by Q = 4π/3 running both
kx and ky directions. Therefore it is natural to expect
a sizable nesting effects at the wave vectors (±Q, ky, kz)
and (kx,±Q, kz). The nesting vectors (±Q,±Q, kz) and
(∓Q,±Q, kz) have the maximum effects since they con-
nect the one dimensional Fermi surfaces in both direc-
tions. Collective modes in the spin dynamics are studied
based on these nesting effects [22]. In fact the neutron
scattering experiment [7] shows peaks at (±0.6π,±0.6π)
close to the nesting vectors (up to (±2π,±2π)) [23].
– Band structure and the pairing interactions
We denote the annihilation operators for electrons in the
three 4d-t2g orbitals dxz, dyz and dxy of Ru-ions as ak,s,
bk,s and ck,s. The kinetic term of the α and β bands is
given by
Hαβkin =
∑
k,s
(εαβ(kx)− µ)a
†
k,sak,s
+
∑
k,s
(εαβ(ky)− µ)b
†
k,sbk,s
+
∑
k,s
t(k)a†k,sbk,s +
∑
k,s
t∗(k)b†k,sak,s, (2)
and that of the γ band is given by
Hγkin =
∑
k,s
(εγ(kx, ky)− µ)c
†
k,sck,s. (3)
The α and β bands are quasi one-dimensional and the
Fermi surfaces are well-approximated by four sheets kx ∼
±Q/2 and ky ∼ ±Q/2. The mixing coefficient t(k) can
be neglected except around kx = ±ky. The γ band is
quasi-isotropic two-dimensional one. The mixing term
between the α or β band and the γ one is suppressed by
the reflection symmetry of z.
The nesting of the α and β bands leads to the following
AF fluctuations:
HαβAF
=
∑
k,q,si
Jαβ⊥ (qx)(σz)s1s3 · (σz)s2s4a
†
−k,s1
a†k,s2a−k+q,s3ak−q,s4
+
∑
k,q,si
Jαβ⊥ (qy)(σz)s1s3 · (σz)s2s4b
†
−k,s1
b†k,s2b−k+q,s3bk−q,s4
+
∑
k,q,si
Jαβ‖ (qx) [(σx)s1s3 · (σx)s2s4 + (σy)s1s3 · (σy)s2s4 ]
×a†−k,s1a
†
k,s2
a−k+q,s3ak−q,s4
+
∑
k,q,si
Jαβ‖ (qy) [(σx)s1s3 · (σx)s2s4 + (σy)s1s3 · (σy)s2s4 ]
×b†−k,s1b
†
k,s2
b−k+q,s3bk−q,s4 , (4)
where Jαβ⊥ (qi) > 0 and J
αβ
‖ (qi) > 0 have peaks at
qi ∼ ±Q. In general, J
αβ
⊥ (qi) 6= J
αβ
‖ (qi). The magnetic
field generated by the AF fluctuations above induces the
interaction HγAF in the γ band:
HγAF
=
∑
k,q,si
Jγ⊥(qx, qy)(σz)s1s3 · (σz)s2s4c
†
−k,s1
c†k,s2c−k+q,s3ck−q,s3
+
∑
k,q,si
Jγ‖ (qx, qy) [(σx)s1s3 · (σx)s2s4 + (σy)s1s3 · (σy)s2s4 ]
×c†−k,s1c
†
k,s2
c−k+q,s3ck−q,s3 , (5)
where Jγ⊥(qx, qy) > 0 and J
γ
‖ (qx, qy) > 0 have peaks at
(qx, qy) = (±Q,±Q) and (qx, qy) = (∓Q,±Q).
In addition to the AF fluctuations, we consider the
electron-phonon interaction. Due to the low dimension-
ality of the system, this interaction is weakly screened.
We assume that the phonon-mediated interaction for the
α and β bands Hαβph is quasi-one dimensional,
Hαβph =
∑
k,k′,s,s′
fαβ(qx)a
†
−k,sa
†
k,s′a−k+q,sak−q,s′
+
∑
k,k′,s,s′
fαβ(qy)b
†
−k,sb
†
k,s′b−k+q,sbk−q,s′ , (6)
where fαβ(qi) > 0 has a peak at qi = 0. For the γ band,
the phonon-mediated interaction we consider is
Hγph =
∑
k,k′,s,s′
fγ(qx, qy)c
†
−k,sc
†
k,s′c−k+q,sck−q,s′ (7)
where fγ(qx, qy) > 0 has a peak at (qx, qy) = (0, 0).
– Superconductivity in the α and β bands
First, we examine the superconductivity in the α and
β bands. As we will show immediately, the odd-parity
superconductivity is realized due to the quasi-one di-
mensionality [24]. For simplicity, we put fαβ(qi) ∼
fαβ(0)δqi,0, J
αβ
⊥ (qi) ∼ J
αβ
⊥ (Q)δqi,±Q and J
αβ
‖ (qi) ∼
Jαβ‖ (Q)δqi,±Q in the following.
In the lowest order approximation, we neglect the mix-
ing term t(k), so the gap equation is separated for ak,s
and bk,s. For ak,s electrons, the gap ∆
(a) is defined by
∆(a)s2,s1(k) = −
∑
k′,s3,s4
Vs1,s2,s3,s4(kx, k
′
x)ak′,s3a−k′,s3 , (8)
where
Vs1,s2,s3,s4(kx, k
′
x)
= fαβ(kx + k
′
x)δs1s3δs2s4 − f
αβ(kx − k
′
x)δs1s4δs2s3
+Jαβ⊥ (kx + k
′
x)(σz)s1s3 · (σz)s2s4
−Jαβ⊥ (kx − k
′
x)(σz)s1s4 · (σz)s2s3 .
+Jαβ‖ (kx + k
′
x) [(σx)s1s3 · (σx)s2s4 + (σy)s1s3 · (σy)s2s4 ]
−Jαβ‖ (kx − k
′
x) [(σx)s1s4 · (σx)s2s3 + (σy)s1s4 · (σy)s2s3 ] . (9)
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If the gap is unitary (as we assume), the gap equation
becomes
∆(a)s2,s1(k)= −
∑
k′,s3,s4
Vs1,s2,s3,s4(kx, k
′
x)
×
∆
(a)
s3,s4(k
′)
2E
(a)
k′
tanh
(
βE
(a)
k′
2
)
, (10)
where E
(a)
k =
√
ǫαβ(kx) + tr(∆(a)∆(a)†)/2. The gap
∆(a) is parameterized as [12]
∆(a)(k) =
{
iψ(a)(k)σy for even-parity gap
i(~d(a)(k) · ~σ)σy for odd-parity gap
, (11)
and we obtain the solutions as ψ(a)|kx∼±Q/2 = const.
for even-parity gap and ~d(a)|kx∼±Q/2 = ±const. for odd-
parity gap. For these solutions, the critical temperature
is kBTc = 1.13h¯ωDe
−1/N(µ)λ, where ωD is the cut-off for
the interactions, N(µ) is the DOS at the Fermi surface
for ak,s electrons and λ is
λ =


fαβ(0)− Jαβ⊥ (Q)− 2J
αβ
‖ (Q) for even-parity gap
fαβ(0) + Jαβ⊥ (Q)− 2J
αβ
‖ (Q) for
~d(a) ‖ ~z
fαβ(0)− Jαβ⊥ (Q) for
~d(a) ⊥ ~z
. (12)
Therefore, the odd-parity superconductivity is realized in
ak,s, and ~d
(a) vector becomes
~d(a)|ky∼Q/2 = −~d
(a)|ky∼−Q/2 = const., (13)
and
~d(a) ‖ zˆ if Jαβ⊥ (Q) > J
αβ
‖ (Q)
~d(a) ⊥ zˆ if Jαβ⊥ (Q) < J
αβ
‖ (Q)
. (14)
Note that if Jαβ⊥ (Q) is large enough, the superconductiv-
ity is realized even when fαβ(0) = 0.
In a similar manner, the superconductivity in bk,s is
odd-parity and characterized by (13) and (14) when ev-
ery a’s, kx and ky are replaced by b’s, ky and kx. The
critical temperature is same as ak,s. Due to D4h symme-
try, it holds that |~d(a)| = |~d(b)|.
The mixing term t(k) affects the gaps ~d(a) and ~d(b)
at k = ±K ≡ (±Q/2,±Q/2, kz) and k = ±K˜ ≡
(∓Q/2,±Q/2, kz). If t(k) is large enough, the Fermi
surface at k = ±K and k = ±K˜ is largely deformed.
Because of the weakness of the screening, the attractive
force for the electron at those points decreases. This
causes nodes at those points. The relative phase of ~d(a)
and ~d(b) is not determined in this case, so the time-
reversal symmetry is broken in general.
If t(k) is small, ~d(a) and ~d(b) do not disappear at k =
±K and k = ±K˜. In this case, the relative phase of
~d(a) and ~d(b) is determined. Since t(k) at kx = ±ky is
real, it can be easily shown that arg ~d(a) = arg ~d(b) or
arg ~d(a) = arg ~d(b) + π at k = ±K and k = ±K˜. The
superconductivity in this case is illustrated in Fig. 2.
The existence of nodes in the small t(k) case depends on
the symmetry of the system. If the system is invariant
under the following transformation,
ak,s → bk,s, bk,s → ak,s for kx = ±ky
ak,s → ak,s, bk,s → bk,s for kx 6= ±ky
, (15)
the following pairing interaction is added.
∆Hαβint = −
∑
s,s′
∆
(a)∗
ss′ (K)bK,sb−K,s + (h.c.)
−
∑
s,s′
∆
(a)∗
ss′ (K˜)bK˜,sb−K˜,s + (h.c.)
+(a↔ b). (16)
This interaction changes the spectrum at k = ±K and
k = ±K˜. If ~d(a) ‖ ~d(b) holds, nodes exists at either
k = ±K or k = ±K˜. If the system does not have the
symmetry above or ~d(a) 6 ‖ ~d(b), no node exists in the gap.
+
+ -
-
FIG. 2. Superconductivity in the α and β bands
– Superconductivity in the γ band
Next, we examine the superconductivity in the γ band
based on the phonon-mediated interaction and AF fluc-
tuations. In contrast to the α and β bands, both even-
parity and odd-parity superconductivity can be realized.
If Jγ⊥(qx, qy) is large enough, the odd-parity supercon-
ductivity is also realized in the γ band, but if not, the
various superconductivity can be realized. To show this,
we introduce the following AF interaction and phonon-
mediated interaction:
Jγ
{⊥‖}
(qx, qy)
=
∑
Q
{xy}
=±4pi/3
g{⊥‖}
(qx −Qx)2 + (qy −Qy)2 +Q2AF
, (17)
and
fγ(qx, qy) =
gph
q2x + q
2
y +Q
2
ph
, (18)
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where g{⊥‖}
, gph, Qph are constants. From the experi-
mental data in [7], we take QAF = 0.0797× 2π.
To solve the gap equation, we approximate the Fermi
surface of the γ band as a cylinder with kF = 2π/3 and
use the mean-field approximation. We have solved the
gap equation analytically when the phonon-mediated in-
teraction dominates. The gap in this case is given by
ψ(k) ∝
{
const. for s gap
k2x − k
2
y for d gap
, (19)
~d(k) ∝ (kx ± iky) for p gap. (20)
In Fig.3, we show the phase diagram in the case where
the phonon-mediated interaction dominates and g⊥ = g‖.
2.5 5
0.1
0.2
s
p
d
1/Qph
0
g
/Q
ph
2A
F
ph
g
/ Q
2
FIG. 3. Superconductivity of the γ band in the case where
the phonon-mediated interaction dominates and g⊥ = g‖.
– Discussions
To conclude, we have studied the superconductive prop-
erties of Sr2RuO4based on AF fluctuations and phonon-
mediated interactions. Due to the quasi-one dimension-
ality, the odd-parity superconductivity is realized in the
α and β bands. The existence of nodes in the gaps
of these bands depends on the symmetry of the system
(see Eq.(15)) or the strength of the hybridization of dxz
and dyz . The direction of ~d vector is determined by the
anisotropy of the AF fluctuations.
The γ band has many possibilities of superconduc-
tivity. If the AF fluctuations direct to the cˆ axis and
are strong enough, the odd-parity superconductivity with
~d ‖ zˆ is realized, however, if not, s- or d-wave supercon-
ductivity is also possible.
There are various possibilities to explain the exper-
imental results of Sr2RuO4 from our theory. Here we
give one of them which is not in the previous theories.
The NMR data [4] and the experiment of the Josephson
coupling between In and Sr2RuO4 [13] support the odd-
parity superconductivity with ~d ‖ zˆ. This is easily real-
ized in our theory with large Jαβ⊥ (Q) and/or J
γ
⊥(Q,Q).
The nodes suggested by NQR [17] and specific heat [10]
are likely to be those in the α and β bands. The square
vortex lattice observed by the neutron scattering [25] is
consistent with the odd-parity superconductivity in the α
and β bands since the superconductivity occurs in the or-
thogonal quasi-one dimensional systems. The µSR data
[5] can be explained by the superconductivity in the α
and β bands with the large hybridization of dxz and dyz
or/and the superconductivity in γ bands with the gap
(20). Since larger Jαβ⊥ (Q) induces larger J
γ
⊥(Q,Q), it is
likely that the odd-parity superconductivity in the α and
β band is followed by that in γ band, so the absence of
residual DOS also can be explained. The transition tem-
peratures could be different between γ and α, β Fermi
surfaces, but there will be a single Tc if the hybridiza-
tion between dxy and dyz,dxz on the Ru atoms is large
enough.
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